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Boundary conditions have been found for flow of a rarefied multi- 
component gas over a sublimating wall. For a multi-component gas 
the boundary conditions obtained are a generalization of th e well- 
known conditions for slip and temperature jump in the case of a per- 
meable surface. 

It is well known that to solve the coupled p rob lem 
in the case  of sub l ima t ion  of a wall  washed by a s t r e a m  
of any t h e r m a l l y  conducting gas,  in o rde r  to have a 
s ing l e -va lued  t r a n s i t i o n  through the wa l l -gas  in ter face ,  
bes ides  the condit ion obtained f rom the laws of c o n -  
se rva t ion ,  addi t ional  re la t ions  a re  r equ i r ed  [11. For  
a suff ic ient ly  dense mix tu re  of gases ,  the a s sumpt ion  
is made that the t e m p e r a t u r e  and the tangent ia l  ve loe -  
i ty components  a re  equal on the two s ides  of the i n t e r -  
face. The addit ional  r e l a t ion  for the mix ture  compos t -  
t ion at the in te r face  depends on the k ine t ics  of sub l ima-  
tion. I n p a r t i c u l a r ,  if s u b l i m a t i o n p r o c e e d s  according  to 
diffusion k ine t ics ,  the addit ional  r e l a t ion  is the depen-  
denee of pa r t i a l  p r e s s u r e  of the vapor on t e m p e r a t u r e .  

For  sub l ima t ion  of a wall  into a s t r e a m  of r a r e f i e d  
gas the addi t ional  r e l a t ions  mus t  be different .  Ins tead  
of the condi t ions  for no s l ip  and equal i ty  of t e m p e r a t u r e  
at the in te r face ,  d i scont inu i t i es  in veloci ty  and t e m -  
pe ra tu re  mus t  be taken into account.  In addit ion,  lack 
of equ i l i b r i um in sub l imat ion  mus t  be taken into account.  
It m u s t  be expected that,  in the ease  of a nonzero  
ve r t i ca l  ve loc i ty  component  at the wall ,  the addit ional  
boundary  condi t ions  will  differ f rom the condi t ions  
val id  in the absence  of flow of m a s s  through the wall.  

The de r iva t ion  of these condi t ions  for a ga s - va po r  
m ix tu r e  is analogous to that  of s i m i l a r  condi t ions  for 
a homogeneous  gas given in [2]. The d i s t r ibu t ion  rune-  
t ion in the 1 3 - m o m e n t  approx imat ion  mus t  be wr i t t en  
for each component  of the mix tu re .  Some a r b i t r a r i n e s s  
is poss ib le  in  the choice of a loeaI Maxwell ian d i s t r i -  
button function,  about which we may c a r r y  out an ex -  
pans ion  in t e r m s  of Hermi te  po lynomia l s  [3]. In the 
p r e s e n t  paper  we use the mean  m a s s  flow veloci ty  in 
the local  Maxwel l ian  function,  and aI1 the components  
of the mix tu re  have the same  t e m p e r a t u r e .  The d i s -  
t r i bu t ion  funct ion for an individual  component  has the 

fol lowing form [41: 

f(r) ___ p(O 
(2= R ~  T) a/: 

~i uz 1 -t- x I -t" 2p(r)R(r)T 2p(r)R(o T 5R(r)T 

~q- ~ 7 - -  R(o- ~ -  exp 2R(~JT- , (1) 

where  r = 1 2, 3 n; -~----'~--~'; ~!r) = p!~) , �9 . . -~i ~] - -  

-- P(') 6~i = .I uiu]f(r)d-~-- p(r) 6~ i is the viscous stress 

t enso r  of component  r ;  Sfr~ = uiu2f(r) d ~ is the b ina ry  

heat  flux of component  r ;  and V~ r~ --= 9(r)l o~ u~f(~)d-" ~ 

is the diffusion velocity of component  r.  

The v iscous  s t r e s s  t ensor  and the heat flux of the 
mix tu re  a re  de te rmined  by summing  the appropr ia te  
mome n t s  for the individual  components :  

= s ,  = r '  

r r 

We shal l  a s sume ,  as was done in [2, 5], that a def- 
ini te f rac t ion  ~(r) of the molecu les  of the inc ident  
molecu les  of type r is re f lec ted  specu la r ly ,  while the 
r e m a i n i n g  molecuIes  are  absorbed  by the wall  and then  
emi t t ed  diffusely with the Maxwell ian d i s t r ibu t ion  e o r -  
responding  to the wall t e m p e r a t u r e * '  

pc~>(h, ~, ~)= 

= a(r) f--(r) (__ ~1, ~"., ga) "4- ~(r) exp 2R(')ro , 

~ > 0 ,  (2) 

where  

r ' ,  = f+,r, + 

f+{')(~)=0 for ~1<0,  f - ( ' ) ( ~ ) = 0  for  ~1>0  

The coeff ic ient  fi(1) for a sub l iming  component  (r = 
= 1) is de t e rmined  by the rate  of sub l imat ion ,  and the 
coeff ic ients  /3 (x), ~(~) . . .  fi(r~for the r e m a i n i n g  c o m -  
ponents  of the gas mix tu re  a re  de t e rmined  by the con-  
di t ions for absence  of mass  flux of these components  
through the wall.  

We shal l  choose the axis  x 1 and x 2 along the n o r m a l  
to the wall sur face  and along the surface ,  r e s p e c -  
t ively,  making the a s sumpt ion  that the shape of the 

*The sublimating wall is displaced in the direction 
of the x I axis with velocity D, and therefore the second 
term in the boundary condition (2) must have the fol- 
lowing form: 

2R (r) To 

But the velocity D is considerably less than the mass 
flow velocity of the vapor vl, because the ratio of the 
density of the gas mixture to that of the solid is small. 
Therefore, we may neglect terms containing D in sub- 
sequent computations, which allows us to write the 
boundary condition in the form of (2). 
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body is ma in t a ined  dur ing  sub l imat ion .  We sha l l  f ind 
the boundary  condi t ions  in the s a m e  way as  was done 
in [2, 5], i . e . ,  we sha l l  d e t e r m i n e  the m o m e n t s  of 
bounda ry  condi t ion  (2) r e l a t i v e  to i t ,  ulu2, u~, ulu 2 for 
each  componen t  of the m i x t u r e ,  i . e . ,  we sha l l  m u l t i p l y  
th is  condi t ion  r e s p e c t i v e l ~ b y  ~a, ulu2, u~, u l u ; ,  and 
in t eg ra t e  with r e s p e c t  to ( . We sha l l  d e t e r m i n e  p(r)  
f rom m o m e n t s  with r e s p e c t  to ~l. We sha l l  sum ove r  r 
the m o m e n t s  with r e s p e c t  to u~u2, u~, u~u ~. Here  we 
sha l l  a s s u m e  that  the m a s s  flow ve loc i ty  of vapor  v~ 
is  c o n s i d e r a b l y  l e s s  than the mean  ve loc i t y  of t h e r m a l  
mot ion  a. In addi t ion ,  b e a r i n g  in mind  the N a v i e r -  
Stokes a p p r o x i m a t i o n ,  we sha l l  c o n s i d e r  the quan t i t i e s  

p l~ ) /p  (r), slr)/p(r)(R(r)T)~/x, the r e l a t i v e  s l i p  ve loc i ty  

v2/a, the r e l a t i v e  t e m p e r a t u r e  j ump  (T - To)/T , and 
the r e l a t i v e  d i f fus ion v e l o c i t i e s  v ! r ) / a  to be s m a l l  ( b e -  

1 
c a u s e  v a r i a t i o n  of ve loc i ty ,  t e m p e r a t u r e ,  and c o n -  
e e n t r a t i o n  is  s m a l I  in a m e a n  f r ee  path) .  F o r  s i m p l i c -  
i ty  of computa t ion  we sha l l  a s s u m e  a l so  tha t  the r a t i o  

plr)/p} r) is small (this is true for the boundary layer 

approximation and for Couette flow). 
Neglecting derivatives of small quantities, we ob- 

tain 

1 ~-~(1 -4,-a(r))p(rr. ) 1 E (1 --a(r))S(f ~ 

-~ (2z~ T) V21 E (I - -  a(o)p(rj (v~ + g(f)/2) 
( R ( r ) ) l / 2  = 0, (3) 

r 

@E(' + a(r))S]')-J-4 (~T~-)I/' ('-~)x 
r 

5 v 1 2 (  1 +a(O)p(O-- X 2 (1 --a(r))p(O (R(r)) ~/2 
r r 

- -  2(1 -~- a(:t)) p(1) (7.) 1 ~ V (I)) = 0 ,  ( 4 )  

1 

r 

1 V ( 1 4 -  a<'0 s~ ~ 
+ 5 (2n T) :/2 ~,~ (R(')) :/2 + 

r 

2 - - n  (1 @a(r))p(r)V~ 0 -}- [ 2 ~  1/2 X 
+ 2(2nr) ~/2 E (R(o)~/2 ~ r ]  

r 

x v 1 1 • a(o 1 + - -  --O. . 4 (R(O) 1/2 
(5) 

Condi t ion  (2) con ta ins  no a s s u m p t i o n s  r e l a t i n g  to 
the k i n e t i c s  of sub l ima t i on .  However ,  the fol lowing 
a s s u m p t i o n s  a r e  f r e q u e n t l y  made  [6]: 

1. The t rue  v e l o c i t y  of e v a p o r a t i o n  (the m a s s  of 
m o l e c u l e s  l e a v i n g  unit  s u r f a c e  a r e a  in unit  t ime)  does  
not depend  only  on the p a r t i a l  p r e s s u r e  of the o the r  
c omponen t s  of the gas  m i x t u r e ,  but a l so  on the p a r t i a l  
p r e s s u r e  of the s u b l i m a t i n g  componen t ,  i . e . ,  i t  is the 
s a m e  as  for  e q u i l i b r i u m  sub l ima t i on .  

2. The f r a c t i o n  of inc iden t  m o l e c u l e s ,  condens ing  
upon c o l l i s i o n  with the s u r f a c e ,  does  not depend on the 
p a r t i a i  p r e s s u r e  of the o the r  c o m p o n e n t s ,  nor  on the 
t r ue  r a t e  of e v a p o r a t i o n  of the given component .  

The se  as  sumpt ions  al low us to wr ire down the bound-  
a r y  condi t ion  for  the d i s t r ibu t ion  function (1) in the 
fo rm 

f+(.I (h, h, ~3)= 
=a(r)] '--(r)(--~1, ~2, ~g)-}- (1--(~(r))/go(r)(~l, ~2, ~3), (6) 

where  

[o(r) pO(r) exp J ~2 -[ . 
( 2 ~  R ( r )  T )  3/2 ( 2 R ( r )  T O j ' 

pO(1) is  the dens i ty  of s a t u r a t e d  vapor  of component  1 
at  the wal l  t e m p e r a t u r e  T o . By d e t e r m i n i n g  the s a m e  
m o m e n t s  of e x p r e s s i o n  (6), we obtain a somewha t  d i f -  
f e r e n t  fo rm of boundary  condi t ions .  In p a r t i c u l a r ,  c o m -  
puta t ion of the momen t  of condi t ion  (6) r e l a t i v e  to ~ a 
for  the sub l ima t ing  component  g ives  

(I), 
9 (1) (V I -~" V I  ) ~ 9 u1 = 

2(1 __ a(' l) ( p(o 1) p(1) ) 

= 1-I-a(1) \ ] /  2nRO)To V 2nR(1)T - 

' 2f* P(o 1) pO-) 

-- -2-~-f* ( V 2~rRO)To y- 2nR(1)T :)" 

The r e l a t i o n  ob ta ined  for the m a s s  r a t e  of evapo ra t i on  
d i f f e r s  f rom the ana logous  r e l a t i o n  p r e s e n t e d  in [7] 
by a coe f f i c i en t  on the r igh t  ahead  of the b r a c k e t s .  

We sha l l  now e x p r e s s  the m o m e n t s  pl  r), V! r), s l r )  
for  a b i n a r y  mix tu r e  (r = 1, 2) in the N a v i e r - S t o k e s  
app rox ima t ion ,  in t e r m s  of the c o r r e s p o n d i n g  a p p r o -  
p r i a t e  g r a d i e n t s  (see sha l l  neg lec t  t h e r m o d i f f u s i o n  and 
p r e s s u r e  dif fusion) :  

P~2 = -- I xv) " Or2 in the bounda ry  l a y e r  and in 
Oxl Couette  flow, 

p(r) I/(r) __ (~C(r) 
-~ - - - - P D 1 2 - - ,  

Ox i 

s~r)  = _ _  2 ~ ( r  ) 0 Y  JI- 5~ 3(r) R (r) Y g ~  r) = - -  2~. (r) 0~ _ _  

Ox~ Ox~ 

Oc(r) 
--59 TR (r) D12 - - "  

Ox~ 
Here  

P12 E Pl~l=--c"t~l+f21) Ov~ Ov~ , 
~--- ~l~'l 2 12 0 X  1 �9 j.l,. OX1 

r ~ i , 2  
_ ~]z 2) + ,,<2/. 

i'~12 , 

St = ~ ,  S~ r) 

r = l , 2  

(~) Z(2) OT =--2( t ,12- t -  12) _5TpDx2(R(~)_R(2))  Oc 
Oxi Ox~ 

= - -  2~, aT -- sTpD12(R (1) - R  r O c ,  
Ox~ Ox~ 

. (I) ;~ = ,~12 + ~]~ ,  

i . e . ,  the coeff ie ients  a < p ,  are not the c o r r e -  
sponding coe f f i c i en t s  for t r a n s f e r  of componen t  r ,  but  
depend on c o l l i s i o n s  of m o l e c u l e s  of a g iven componen t  
both with m o l e c u l e s  of the s a m e  type r ,  and w i t h m o l e -  
c u l e s  of the  o ther  component .  

S t a r t i ng  f rom the a p p r o x i m a t e  f o r m u l a s  for  the  
v i s c o s i t y  and t h e r m a l  conduc t iv i ty  of the m i x t u r e  g iven  
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in [7], we m a y  wr i te  the coeff ic ients  # I~) and pl(~ ) , 
~.i~ ) and XI~) in the following fo rm:  

12 - -  1 + 6 1 ~  (1 - -  c)/c ' ~'12 = 1 + G~lc/(1 - -  c) ' 

Z~ 1) = ;q ,,,2~t2~ = ~,~ 
1 + G]9_(i --c)/c ' 1 + G'21c/(1 --c) ' 

where  Ga2 , G21 , G]2 , G'zl a r e  functions of the ra t io  of 
the m o l e c u l a r  weights  of the components  and quanti t ies  
desc r ib ing  the col l i s ion  p roce s s .  

The expe r imen ta l  data on the accommoda t ion  c o e f -  
f i c i e n t s f *  a r e  v e r y  confl ict ing.  The re fo re ,  fo r  s imp l i c -  
i ty of calculat ion,  we shal l  cons ider  that  f , O )  =f . (2) ,  
i. e . ,  ~(1) = a(2). Allowing for  the a s sumpt ions  made ,  
the boundary  condit ions (3)-(5) may  be r e p r e s e n t e d  in 
the f o r m  

- -  f* I~ Ox~-[- 5(2~T) 1/2' (R(X)) 1/2 (Rt~)) l/'----~ • 

( r__l,,. OT P Dx~ [ (RI1 ) ) t / 2  - -  ( R ( ~ ) ) I / 2  ] OX---~ "+" 
• Ox~ \ 2~ ] 

+O(~)V2[C(R(1) )  1/2 +(1--c)(Rt~O'/2lv2=O, (7) 

' - ' *  (5)'" T* L.OXl + 4p (T - -  To) [c (R(10 a/2 + 

2-- * Oc 
+ (1 - -  c) (R~))3/21 + 2 - ~  p O~2T [5R~)-- ROq ~ + 

+ oT[cRI~) +5(1--c)R(~)lv~=O, (8) 
2f 

~(2) 2 ( 2 - -  f*) X~ + ~,z ] OT + 
- -  5 (2~ T) 1/2 f* (R(X)) ~/~ ( R ~  '/~ J Ox--1 

q - - ~ - [  1 - - ( - ~ - ) ' / 2 ] [ c R O ' + ( 1 - - c ) R ~ ' q - -  

2 - - f *  ( r ~ ' / ~  
2[* \ '~-~ ] P Dx* (4 -- =) [(R(x)) Vz - -  (R(~)) V2 ] • 

--  ( @ )  [1 ] [c(R(~))v~ + Oc + f  ~/~ ~ ( 2 - - / * )  

• Ox~ ' 4f* 

+ (1 -- c) (R(~)) ~/~ ] v~ = 0. (9) 

Condit ions (7) and (8) a r e  a genera l i za t ion  of the 
�9 wel l -known boundary  condit ions for  s l ip  and t e m p e r a -  

tu re  j ump  in the case  of a b ina ry  mix tu re  and a p e r -  
meab le  s t / r face ,  

Fo r  a mu l t i componen t  gas  (subl imat ion of a f la t  
p la te  into a vapor  of the s a m e  compos i t ion ,  or  out -  
ga s s ing  in a boundary  l aye r ) ,  taking into account  the 

wel l -known re la t ions  # = pl (2RT/~) l/~, X = (15/4)R#,  
condit ions (7)-(9) take the following fo rm:  

2 - - f *  Or2 3 _ i ( 2 R ] ' " 2 0 T  
v~ - f* l + ~ - - ,  (1o) 

Ox 1 4 z~ T ] Ox. 2 

T - -To  f* 8 Ox~ 8 ~ . - - R ]  , (11) 

T [  ( ~ _ ) , / 2 ] 1 _  3(2-- f*)  Ox,-- + 

2 ( 2 T ~ / 2 [  zc ( 2 - - f * ) ]  v, = 0 .  (12) 
+ \nR ] l .... 4f* J 

It should be noted that the slip condition (i0) does 

not contain the velocity v I inthe approximation adopted, 

i. e. ~ it coincides with the analogous condition in the 
case when mass flow through the wall is absent. 

NOTATION 

p(r) is the density of component r; p(r) is the partial 

pressure of component r; T is gas temperature; T o is 
wall temperature; R (r) is the gas constant of compo- 

nent r; ~ is the ve!loeity of the molecule in a fixed co- 

ordinate system; v is the mean mass velocity of the 
gas mixture;f *(r) = 1 - ~(r) is the accommodation 
coefficient of component r; D j2 is the binary diffusion 

coefficient; # I and # 2 are viscosities of components 

1 and 2; X I and k 2 are thermal conductivities of com- 

ponents 1 and 2; c is the concentration of the vapor of 

the sublimating wall; l is the mean free path length. 
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